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NUMERICAL SIMULATIONS OF AN ELECTRON-EXCITON SYSTEM 

JORGE E. HIRSCH 
Department of Physics, University of California, 
San Diego, La Jolla, California 92093, U.S.A. 

DOUGLAS J. SCALAPINO 
Department of Physics, University of California, 
Santa Barbara, California 93106, U.S.A. 

Abstract Using fermion Monte Carlo techniques we 
have studied the properties of a one-dimensional 
electron-exciton system. The zero frequency wave 
vector charge-density, spin-density and pairing 
susceptibilities were evaluated for a variety of 
band fillings and interaction parameters. We find 
that retardation and band filling are essential in 
determining which correlations are dominant at low 
temperature. While for a single chain it is possible 
in the strong coupling regime to have pairing corre- 
lations diverge more rapidly than charge density wave 
correlations, we argue that interchain couplings will 
lead to a 3-D charge density wave phase. 

Using recently developed techniques for numerical simula- 
tions of fermion systems, we have studied a one-dimensional 
electron-exciton model of the type Little proposed as a 
possible high temperature superconductor. We find that 
band filling and retardation play essential roles in 
determining whether the 2pF charge density wave or single 
pairing susceptibility diverges most rapidly as the tem- 
perature is reduced. Here we review' some of the results 
we have obtained and conclude by commenting on the diffi- 
culty of achieving superconductivity in a 3-D array of 
such weakly coupled chains. 

1 

The model we have studied has the Hamiltonian 
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422 J. E. HIRSCH AND D. I. SCALAPINO 

The f i r s t  two terms descr ibe a two-dimensional t i g h t  
binding dzz-band f i l l e d  t o  a dens i ty  13 = (nzz) set  by 
the chemical po ten t i a l  p .  The next two terms descr ibe 
the hybridizat ion of a dZx o r b i t a l  on each s i t e  with its 
surrounding l igand represented by p,, and the last  two 
terms a r e  the ons i t e  Coulomb in t e rac t ions  among the  d- 
 orbital^.^ The hybridizat ion overlap t' mixes the  dxz - p, 
o r b i t a l s  forming bonding and antibonding states separated 
by an energy of order  2.E when cxz+a(nZz)  - z 
w e  w i l l  assume t h a t  t he  bonding o r b i t a l  always lays  below 
the  fermi l e v e l  and the  antibonding o r b i t a l  w e l l  above. 

i n  L i t t l e ' s  model. A dZz e lec t ron  can i n t e r a c t  with t h i s  
"side chain" v i a  the  Coulomb repuls ion 6 producing a v i r -  
t u a l  admixture of t h e  anti-bonding state and polar iz ing 
the  dxz-p,  system. The polar iza t ion  can then scatter 
a second dZz e l ec t ron  giving rise t o  an a t t r a c t i v e  
electron-electron in t e rac t ion  when t h e  energy t r ans fe r  
is less than the  exciton s p l i t t i n g  25. 
i n  c ,  the  e f f ec t ive  in t e rac t ion  has the form 

-0. H e r e  
PZ 

The dxz -p, system forms t h e  polar izable  "s ide chain" 

To second order 

fi2 5 
u? - (2E)2 + ib 

When W = 0,  t h i s  reduces t o  -a2/4f. 
exci tonic  mediated a t t r a c t i v e  in t e rac t ion  which L i t t l e  
suggested could give rise t o  high temperature supercon- 
duc t iv i ty .  However, as is  now w e l l  known, a one-dimen- 

I t  i s  t h i s  type of 
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NUMERICAL SIMULATIONS OF AN ELECTRON-EXCITON SYSTEM 423 

sional electron gas has a variety of competing instabil- 
i t i e ~ , ~ - ~  and a central question is whether such a system 
will exhibit a 2pF charge-density-wave CDW instability 
and/or single pairing SP correlations. We note also that 
in the absence of c,  the system described by Eq. (1) with 
U present will exhibit spin density wave SDW correlations. 

we have studied the zero frequency wave-vector suscepti- 
bilities characterizing these different types of insta- 
bilities. 

In order to determine the behavior of this system, 

6 

From both exact solutions of particular models7 and 
renormalization group analyses5 one expects these sus- 
ceptibilities for an infinite chain to develop power law 
singularities (t/Tp as the ratio of the temperature to 
the band hopping parameter t goes to zero. If, for 
example, pCDw > psp, one says that the low temperature 
phase is CDW. 

ing the partition function as 
Our numerical simulations were constructed by writ- 

-8TH 
Z = T r  n e  

i=l 

and using the small parameter (ATxenergy) to approxi- 
mately separate the various parts of H. Then the inter- 
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424 1. E. HIRSCH AND D. 1. SCALAPINO 

action terms U and 
crete Hubbard-Stratonovich transformation. * 

were linearized by means of a dis- 
For example 

ut ( T I =  * 1 ( 5 )  

with X = 2 arctanh (dtanh ( ATU/4) ) . 
traced out reducing the problem to evaluating sums over 
all the U t ( T )  U-variables and C t ( T )  c-variables of a 
determinant 

The f ermions were then 

Here h[ut(7),~t(T)) describes the motion of a single 
electron in a random space-7 field determined by the 
{ u t ( T )  , z t ( T )  3 variables. 
using a Monte Carlo importance sampling technique de- 
scribed in Ref. 9 and the correlation functions given by 
Eqs. ( 3 )  evaluated. 

A variety of checks using exact solutions for small 
systems as well as known solutions fo r  special cases of 
the infinite chain provide a basis for ascertaining that 
the simulation is working. This has been done, but here 
we will simply proceed by showing results as the different 
parts of H, Eq. (1). are turned on and argue that they 
make sense physically. Figure 1 shows CDW(q) versus q 
at different temperatures for a twenty-site non-interacting 
system lo (U = c  = 0) which has a one-quarter filled band 
( p = 0 . 5 ) .  Here we measure energies in terms of the hopping 
parameter t. As the temperature is lowered, the well- 

The sums in Eq. (6) are done 
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NUMERICAL SIMULATIONS OF AN ELECTRON-EXCITON SYSTEM 425 

known growth of the  2pF peak i s  c l e a r l y  ev ident .  
of the  peak height  CDW(2p ) versus t n ( 8 )  gives  a l i n e a r  
curve ( u n t i l  t he  coherence length becomes comparable with 
the  l a t t i c e  s i z e )  with slope N(0) = (nvF)-' = ( f i A t ) - ' .  

zero.  
a r e  shown i n  Fig.  2a. 
and a peak a t  4pF grows. 
of  t he  system behave a s  i f  t he  band were h a l f  f i l l e d  with 
sp in l e s s  fermions giving r i s e  t o  a peak a t  q = A = 4pF. 
The SDW(q) s u s c e p t i b i l i t y  f o r  t h i s  same case  i s  shown i n  
Fig.  2b, and one c l e a r l y  sees  the  growth of  a sp in  dens i ty  
wave a t  2pF as one expects on physical  grounds. 

3a and b show t h a t  f o r  t he  one-quarter f i l l e d  case both 
t h e  SP(0) and CDW(2pF) responses a r e  enhanced by the  
exci ton coupling. In  order  t o  determine which response 
i s  diverging most rap id ly  as t h e  temperature i s  lowered, 
one can p l o t  the  peak he ights  SP(0) and CDW(2pF) versus  
&n ( 8 ) .  In  doing t h i s  throughout our  work w e  have sca led  
the  l a t t i c e  s i z e  N and t h e  inverse  temperature B so t h a t  
0 = N/4. A p a r t i c u l a r  case  €or which w e  know the  answer 
i s  the h a l f - f i l l e d  p = 1 band where Umklap processes make 
CDW(2pF) dominate. 
p lo t t ed  versus &n(p) f o r  p = 1.0. H e r e  t he  s imulat ion 
c l e a r l y  shows t h a t  t he  system i s  i n  a CDW s ta te  a t  low 
temperatures. 

A p l o t  

F 

Next, suppose U is  turned on but  i s  kept  equal t o  
Results'O f o r  CDW(q) with d i f f e r e n t  values  of U 

As U increases ,  the  2pF peak decays 
For U = m, t he  charge degrees 

Next, U i s  set t o  zero and is turned on. Figures  

Figure 4 ,  SP(0) and CDW(2pF) a r e  

For a non-half-f i l led band, such as t h e  p = 0.5  case  
shown i n  Figure 3, t he  s i t u a t i o n  i s  less clear. In  order  
t o  explore t h i s  i n  more d e t a i l ,  w e  s tud ied  the e f f e c t s  of 
r e t a rda t ion  by keeping fi f ixed  and varying E. The behav- 
i o r  of SP(0) and CDW(2pF) f o r  t he  exciton model, Eq. (l), 
a r e  shown a s  the  s o l i d  curves i n  Figure 5. The dashed 
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426 J. E. HIRSCH AND D. J. SCALAPINO 

FIGURE 1 CnW(q) versus q 
for a free d,,-band normalized 
to its zero temperature q = 0 
value 2/nvF. The five curves 
correspond front to back to 

= 3, 3.75, 4.5, 7.25 and 14.5 ,  
respectively (for 4t=0.5eV 
the corresponding tempera- 
tures vary from 500 to 100 K 
in steps of loOK). 

a 

FIGURE 3 (a) SP(q) and (b) CDW(q) versus q for 
a 20-site lattice at 8=2,3,4,5 and U=&, f-2, 
E = CPz - Ex? =U/2. 
ceptibilities for the non-interacting dZz band. 

The dashed curves show the sus- 
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NUMERICAL SIMULATIONS OF AN ELECTRON-EXCITON SYSTEM 427 
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FIGURE 5 ( a )  SP(0) and (b)  CDW(2pF) versus with 8 = 5 ,  
a=&,  E = ~ / Z ,  U = O  and 0=0.5. The dashed l i n e s  showthe 
r e s u l t s  f o r  an a t t r a c t i v e  Hubbard model with Uef f  = - a2/4c. 

W 
lo) (b) k) 

FIGURE 6 F i r s t  order (a )  
SP correct ion,  (b)  ver tex  
correct ion f o r  CDW, and 
( c )  bubble cor rec t ion  t o  
CDW. 

I I I 

7i 
2 e.1.2 

$ 
N 

4 - - 
0 
4r 
I 

C O  = 0.74 - _I a4 a5 / I .o 1.5 

In P 
FIGURE 7 Gn(SP(0)) and 
Gn(cDW(Z&)) versus Gn8 f o r  
an a t t r a c t i v e  Hubb- d wi than  
e f f e c t i v e  Ueff = - u /4E = - 2 
and R = O . 5 .  
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428 J .  E. HIRSCH AND D. 1. SCALAPINO 

curves are the results obtained from the simulation of 
an attractive Hubbard model with an effective U equal to 
- c2/4f. For the exciton model , retardation suppresses 
the SP(0) response while leaving CDW(2pF) largely unaf- 
fected. This can be qualitatively understood by consid- 
ering the low order perturbation theory graphs shown in 
Figure 6. Here the wavy line represents the exciton 
interaction Eq. (2). In the pair-pair propagator (Fig.6a) 
and the polarization vertex correction (Fig. 6b), the in- 
teraction carries a frequency which is summed over and 
reduces the strength of the interaction’’ when it becomes 
comparable to 25. However, in the zero frequency contri- 
bution of Figure 6c to CDW(q), the exciton interaction 
enters with its full strength -c2/4f. 
tribution of Figure 6a is suppressed by retardation while 
the CDW contribution of Fig. 6c is not, and, in addition, 
the negative contribution from Fig. 6b is suppressed, 
further enhancing the CDW response. 

fact diverge more rapidly than CDW(2pF) for this p = 0 . 5  
case as indicated by the dashed curves in Figure 5 ob- 
tained for the attractive Hubbard model. Thus, in seeking 
a regime in which pairing correlations are stronger than 
charge density correlations, it is clear that we need a 
band which is not one-half full and a large E so that 
retardation effects are minimized. 
bandwidth 4t, retardation is negligible as shown in 
Figure 5 where the results of the simulation for the 
exciton model are essentially identical to those obtained 
for an attractive Hubbard model with an effective inter- 
action -e2/4E. Figure 7 shows SP(0) and CDW(2pF) for an 
attractive Hubbard model with p = 0.5 and e2/4Z = - 2. 
The pairing response SP(0) clearly diverges more rapidly 

Thus the SP con- 

12 

Were it not for retardation effects, S P ( 0 )  would in 

For f of order the 
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NUMERICAL SIMULATIONS OF AN ELECTRON-EXCITON SYSTEM 429 

than CDW(2pp). 
temperature power law exponents 1 
given by the renormalization grou;Pl3 We believe the 
remarkably close agreement between the straight line and 
simulation €or SP(0) is fortuitous, but it is clear from 
these simulations that in this parameter regime the pair- 
ing correlations grow more rapidly than the charge density 
wave correlations. 

Now, it is unrealistic3 to keep E and neglect U. 

The straight lines correspond to the low 
=1.2 and pcDW=O.74 

Even taking into account the fact that these two Coulomb 
interactions may be screened differently and that a 
of side groups can be packed around thespine,U and 
pr0portiona1.l~ Thus it is : important to understand 

t A 

number 
E are 
what 

I i c i  

t 

FIGURE 8 The effect of 
U on (a) SP(q), (b) CDW(q) 
and (c) SD;(q). Here 
Bt=-5 and U=&, f=2, 
E =U/2 and p =0.5. D
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430 J. E. HIRSCH AND D. J .  SCALAPINO 

happens when U is turned on. Figures 8a-8c show results 
for the exciton model, and we see that as U increases 
both the SP and CDW susceptibilities are suppressed while 
the spin density wave SDW response at 2pF emerges. Basi- 
cally the effective interaction 
positive. In order to have pairing correlations dominate, 
we need to have f of order the bandwidth and - fi2/4E + U < 0. 
If we take U = fi/4, this implies that fi must also be 
larger than the bandwidth. Thus we are in the strong- 
coupling limit where the onsite energies are large com- 
pared to t . 

In this strong-coupling regime it is appropriate to 
first solve the single site problem. For a partially 
filled band p # 0 or 2,  the zero and doubly occupied dZz 
states are degenerate due to the polarizability of the 
dxz-pz side groups and the value of the chemical poten- 
tial. The (NPN/2) degenerate ways of placing the Np/2 

pairs on N lattice sites is lifted in second order by 

-fi2/4t' + U has become 

+h.c.) is the hopping term, 

Ho is the sum of the single site Hamiltonians, and Eo is 
the unperturbed ground state energy. 
site by Sz = - 4 and a paired site by Sz = &, this problem 
can be mapped onto an anisotropic Heisenberg model 

Denoting an empty 

15-16 

with Jx and Jz functions of f ,  6 and U. 
sents a pair transfer coupling, and Jz arises from the 
blocking of virtual single particle hopping processeswhich 
can lower the energy of a pair adjacent to an empty site. 

Here Jx repre- 
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NUMERICAL SIMULATIONS OF AN ELECTRON-EXCITON SYSTEM 43 1 

It turns out2 that Jz > Jx so that for the half- 
filled band ? ( S t )  = 0, the ground state is antiferromag- 
netically ordered implying a CDW wave as we have already 
seen, Figure 4. However, for p #  1 (+:(s;) P 0) 8 Hal- 
dane17 has shown that for a certain range JE > Jz > Jx 
the transverse and longitudinal correlations decay 
algebraically in the ground state, and it follows that 
in this case Frsp > p 

ticular, for p < 0.6, Jz goes to and thus, for example, 
for a one-quarter filled band p = 0.5 the strong coupling 
theory predicts that psp > pcDw, and both SP(0) and CDW(2pF) 
diverge in a manner similar to the results shown in Fig. 7. 

In this strong-coupling limit each site becomes a 
pairing center, and the band term Ht provides a Josephson- 
like tunneling coupling Jx between the sites as well as 
an interaction term Jz. This picture of local "Schafroth- 
Blatt-Butler"-like18 molecular sized pairs forming a con- 
densate (in this 1-D case a condensate with algebraically 
decaying correlations) can be clearly seen in "world line" 
Monte Carlo configurations. 

Thus, for a single chain with both U and e, it is 
possible to have the SP(0) susceptibility diverge more 
rapidly than CDW(2pF) if and e are both comparable or 
larger than the bandwidth 4t and the band is less than 
half filled (e.g., P = O . 5 ) .  However, under these condi- 
tions both susceptibilities exhibit power law divergences. 
It is only that psp is somewhat larger (say 25% to 50%) 

than pcm. However, the interchain coupling between the 
charge density waves can be mediated by a direct Coulomb 
interaction V, which is of order (V,/t) while the inter- 
chain pair field coupling varies as t /(et) where t, is 
the interchain hopping. Since > t, the pair coupling 
is smaller than (t,/t) . Thus, while (V,/t) can be of 

for the exciton model. In par- 
(% 

19 

2 
I 
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432 J. E. HIRSCH AND D. J. SCALAPWO 

order unity, (tL/t)2 < 
and hence, even if the pairing response of a single chain 
SP(0) is stronger than the charge density wave response 
CIIw(2pF), the large disparity in interchain coupling 
should in general lead to a 3-D CDW ordering. 

for weakly coupled chains 
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